
IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED DECEMBER, 2021 1

Passive Wall Tracking for a Rotorcraft with Tilted
and Ducted Propellers using Proximity Effects

Runze Ding1, Yi-Hsuan Hsiao2, Huaiyuan Jia1, Songnan Bai1, and Pakpong Chirarattananon1

Abstract—The letter proposes a passive wall following strategy
for a multirotor robot based on the aerodynamic interaction
between the propeller wake and the vertical surface. To reinforce
the proximity effects, a vehicle with tilted and ducted propellers
is introduced. Momentum theory is employed to elucidate the
changes in horizontal and vertical components of the propelling
thrust in the vicinity of a wall. The modeling and force measure-
ments, when combined with the analysis of the flight dynamics,
reveal the existence of a stable distance between the robot
and a wall when only the attitude and altitude of the robot
are controlled. Flight experiments were conducted to validate
that the stable distance between the robot and the wall can
be manipulated through the attitude setpoint or control gain,
eliminating the need for position feedback. The outcomes enable
a human operator to effortlessly fly the robot safely along a
corridor without a collision in the absence of vision or other
sensing instruments.

Index Terms—Aerial Systems: Mechanics and Control, Aerial
Systems: Perception and Autonomy, Collision Avoidance, Dynam-
ics, Autonomous Vehicle Navigation

I. INTRODUCTION

Multirotor vehicles have demonstrated great potential for
applications in urban areas as well as hazardous and in-
accessible locations, such as collapsed buildings, forests,
caves, and underground mines [1], [2]. This has driven the
associated developments in perception [3] and localization
and mapping [4]–[6]. Despite such efforts, the challenges of
autonomous navigation, when coupled with complexity caused
by unstructured environments, means flying robots remain
vulnerable to accidental collisions. Impact resilient structures,
as a consequence, emerge as a complementary solution to the
collision avoidance problem. In the pioneering work [7], the
mechanism-based method was presented in the form of an
enclosing gimbal system that is mechanically decoupled from
the robot. Upon a collision, the gimbal significantly damp-
ens the destabilizing torque on the vehicle. Thus far, other
cage-like structures with shared working principles have also
been developed [8]–[10]. More recently, the impact mitigating
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Fig. 1: Photograph of the robot with tilted propellers and custom-made ducts.

component is tightly unified into the airframes [11]–[13].
The integration reduces the footprint of the robots, enhancing
their mobility in cluttered environments. While showing great
promises, these developments are still in infancy.

In this letter, we simultaneously consider the obstacle detec-
tion and collision problems of aerial vehicles. The proposed
aerodynamics-based framework permits the multirotor robot
shown in Fig. 1 to safely maneuver closely and along a wall
without the need for vision or other sensing capabilities while
the possibility of a destructive impact is markedly reduced.
This is accomplished through the interaction of the wake
generated by the tilted propellers and the nearby surface, also
known as the proximity effects [14], [15], instead of vision-
based and/or mechanical methods previously mentioned.

To date, the subject of the influences of the aerodynamic
phenomena has been investigated in the context of small
rotorcraft as ground [16], [17] , ceiling [18], [19], and, wall
[14], [15], [20] effects. These studies primarily report notice-
able changes in the propelling forces of small aerial vehicles
attributed to nearby surfaces. With pressure sensors [20], [21]
or a Kalman-based external wrench estimator [15], it becomes
possible to detect and estimate the distance to a nearby surface.
The obtained feedback can then be incorporated for position
control in order to realize a collision-free flight [21].

Compared to existing solutions, this work proposes a more
integrative approach for near-wall navigation and collision
mitigation. Unlike a conventional multirotor robot, we first
consider a robot with tilted and ducted propellers (Fig. 1)
to reinforce the wake-surface interactions. Through momen-
tum theory (MT) analysis and measurements, we show that
the design brings about dramatic changes in the propelling
force when the robot operates near a vertical surface. The
findings are then incorporated into the modeling of closed-
loop flight dynamics. The outcome reveals that, without a
position controller, there exists an equilibrium, small but non-
zero distance between the vehicle and the wall. This implies
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the robot is effectively repelled from or attracted towards
the wall depending on its relative position. This passively
allows the robot to stay close to the surface without a forceful
or destructive collision. The �ight results support the model
predictions, enabling a human operator to �y the robot along
the wall with ease as the robot-wall distance is passively
stabilized without direct feedback.

All in all, this letter proposes a small rotorcraft with a
customized con�guration for amplifying the wake interaction
with a vertical surface. Through modeling of aerodynamics
and �ight dynamics, the aircraft is shown capable of passively
tracking a wall without visual feedback or additional estima-
tion schemes. The reliance on the surface-�ow interaction to
passively aid the navigation instead of active detection and
avoidance can be regarded as the use of physical intelligence
[22] deliberately divised through the vehicle design. The
remains of the paper are organized as follows. Section II
describes the aerodynamic model of the proximity effect in
the context of the proposed robot. The corresponding force
and power measurements from a benchtop setup are presented
in Section III for the model validation. Section IV details the
con�guration of the proposed vehicle and its force and torque
outputs. In Section V, we show that a simple attitude controller
would enable the robot to stabilize next to a wall, with
the equilibrium position dependent on the attitude setpoint.
Flight experiments are presented in Section VI to validate the
proposed passive near-wall position control strategy.

II. PROXIMITY EFFECT OFTILTED AND DUCTED ROTOR

In order to predict how the magnitude and direction of the
thrust generated by a spinning propeller is in�uenced by a
nearby wall, we model the aerodynamic performance of a
ducted propeller in the vicinity of a vertical surface, primarily
to evaluate the change in the propelling thrust in comparison to
an isolated propeller. The studied con�guration is later adopted
for the proposed multirotor vehicle featured in Fig. 1.

A. Tilted and Ducted Propeller

Unlike the nominal condition for a propeller in a conven-
tional multirotor aircraft, the axis of the propeller of interest is
angled from the vertical by� p. In addition, the propeller, with
the radiusR, is �tted with a customized duct to manipulate
the downstream wake as illustrated in Fig. 2. The cross-section
of the duct is marginally larger than the area swept by the
propeller, hence, it is assumed to also have the radiusR. The
opening is normal to the propeller's axis and the pro�le of the
duct is constructed by partially revolving the circular cross-
section about the axis tangent to the circle for� d, making it a
radially sliced horn torus. As a result, the terminal face of the
duct makes an angle� p + � d to the vertical as seen in Fig. 2.

Next, to predict the relationship between the propelling
thrust and aerodynamic power, momentum theory (MT) is
applied. Modi�cations from the standard actuator disk theory
are required to account for the duct and the nearby surface.

B. Momentum Theory Analysis

We hypothesize that the presence of the duct and a vertical
surface at the distanced from the tip of the duct substantially

Fig. 2: Momentum theory analysis of a ducted and tilted propeller located
next to a vertical surface. The spinning propeller tilts by the angle� p from
the vertical, generating the thrustT at the angle� t from the vertical. The
effective propeller disk lies within the duct.

in�uences the propeller wake. For the MT analysis commonly
used for aerodynamic modeling of rotors, the �ow is usually
assumed quasi-steady, incompressible, inviscid, irrotational,
and axisymmetric [18], [23]. In addition, three major suppo-
sitions are introduced. First, the in�nitesimally thineffective
propeller disk may no longer coincide with the propeller's
plane, but it resides in the duct as depicted in Fig. 2. As
a result, the thrust vectorT (perpendicular to the effective
propeller disk) is not necessarily parallel to the axis of the
propeller. Hence, the angle betweenT and the vertical� t may
be different from� p as � t 2 [� p; � p + � d]. Second, due to
the interaction with the surface, the direction of the air far
downstream may not be normal to the propeller disk and is
assumed to be� 1 from the vertical as illustrated in Fig. 2.
Third, the drag induced by the surface is negligible and the
energy is still conserved.

To begin, we letp0 be the atmospheric pressure of the free-
stream quiescent air. The effective propeller disk gives rise to
a discontinuity in the pressure immediately above (p� ) and
below (p+ ) the disk, resulting in the thrustT = ( p+ � p� )A
whenA = �R 2. Assumingvi is the uniform �ow speed across
the propeller disk, the application of Bernoulli equation along
the streamline of the upstream wake yields

p0 = p� + (1 =2)�v 2
i ; (1)

where� is the air density. Similarly, the downstream wake is
characterized by (since the energy is conserved)

p+ + (1 =2)�v 2
i = p0 + (1 =2)�v 2

1 ; (2)

where v1 is the terminal �ow velocity far downstream.
Subtracting Eq. (1) from (2) and substituting in the pressure
difference as(p+ � p� )A = T produces

T = (1 =2)�Av 2
1 ; (3)

or v1 =
p

2T=�A . To relatevi to T, we consider the con-
servation of momentum along the vertical axis. The difference
in the vertical momentum of the incoming and outgoing air
is �Av i v1 cos� 1 . Neglecting the skin friction drag from the
proximate surface, this is equated to the vertical component
of the thurst as

�Av i v1 cos� 1 = T cos� t : (4)
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That is

vi =
T cos� t

�Av 1 cos� 1
=

s
T

2�A
�

cos� t

cos� 1
: (5)

Lastly, we obtain the aerodynamic power contributed by the
spinning propeller as

Pa = Tvi = T

s
T

2�A
�

cos� t

cos� 1
: (6)

Notice that without the duct and nearby surface, one antic-
ipates the thrust to align with the propeller's axis and the
terminal �ow direction or � t = � p = � � 1 . In that case, the
result in Eq. (6) simpli�es toPa = T

p
T=

p
2�A , matching

the outcome of the classical MT [23].

C. Thrust Components and Coef�cients

In the context of a multirotor robot, quantities of interest
are the horizontal and vertical components of the thrust in the
robot's frame:Th = T sin � t andTv = T cos� t . They can be
deduced from Eq. (6) as

Th = sin � t
cos

2
3 � 1

cos
2
3 � t

�
� p

2�AP a

� 2
3

= 
 h

� p
2�AP a

� 2
3

;

Tv = cos
1
3 � t cos

2
3 � 1 �

� p
2�AP a

� 2
3

= 
 v

� p
2�AP a

� 2
3

;

(7)

where we have de�ned the coef�cients of proximity effects

 h ; 
 v to capture the effects of the duct and the surface. For
a particular propeller at a �xed orientation� p, it is reasonable
to expect� t and � 1 to be dependent on the distance to the
wall d. Adopting the normalized distance�d = d=R, we may
regard 
 h (� t ; � 1 ) = 
 h ( �d) and 
 v (� t ; � 1 ) = 
 v ( �d). As a
consequence, the relationship between the aerodynamic power
and thrust components are captured by
 h and 
 v .

D. Powers and Motor Commands

To use the �ndings from Eq. (7) in the context of aerial
robots, the aerodynamic powerPa cannot be directly mea-
sured. The more relevant quantity is the electrical powerPe.
To relate them, we �rst consider the mechanical powerPm of
the spinning propeller, which differs fromPa depending on the
aerodynamic ef�ciency of the propeller by an approximately
constant factor known as the �gure of merit� 2 (0; 1) as
Pa = �P m . The mechanical power is also lower than the
motor's input powerPe due to the resistive loss, but there
exists a one-to-one mapping betweenPe andPm as elaborated
in [18]. This implies a one-to-one map betweenPe and Pa

(independent of the proximity effects).
To emphasize the practical effects of a wall on a multirotor

vehicle, we consider a robot actuated by brushless DC motors
via electronic speed controllers (ESCs). The ESC directly
regulates the electrical power such that bothPe andPa remain
constant for a particular driving command. Hence, by letting
T0 and� 0 be the magnitude and angle of the propelling thrust
when the surface is far away such thatTh ( �d = 1 ) = T0 sin � 0

andTv ( �d = 1 ) = T0 cos� 0, Eq. (7) can be normalized as

Th = �
 h ( �d)T0 sin � 0; and Tv = �
 v ( �d)T0 cos� 0; (8)

Fig. 3: The platform for propelling force measurement. The ducted propeller
is af�xed on the load cell, mounted on a motorized stage. This allows the force
and power of the propeller to be measured at different driving commands and
distances from the vertical surface.

where

�
 h ( �d) =

 h ( �d)


 h ( �d = 1 )
and �
 v ( �d) =


 v ( �d)

 v ( �d = 1 )

; (9)

such that both�
 h and �
 v are unity when the wall is absent.
The analysis implies that, by controlling the electrical

power of the motor-driven propeller, the nominal thrustT0 is
indirectly controlled (Eq. (7)). The actual force components,
however, are affected by the proximity to the surface as
captured by Eq. (8).

III. B ENCHTOPCHARACTERIZATION OF THE PROXIMITY

EFFECTS

To empirically evaluate the proximity coef�cients (
 h ; 
 v )
de�ned by Eq. (7), a benchtop setup shown in Fig. 3 was
employed to measure the propelling thrust and electrical power
of a ducted propeller under various operating conditions.

A. Experimental Setup and Procedures

The setup resembles the situation considered by the MT
analysis in Section II. A single 4-blade propeller withR = 32
mm (LDARC, 2535) and a brushless DC motor (Sunnysky,
R1106 8000KV) were mounted at the angle� p = 45 � . It was
�tted with a 3D-printed duct with� d = 30 � as depicted in
Fig. 3. The components were attached on top of a multi-
axis force/torque sensor (ATI, Nano 17). The entire setup
was on top of a linear motorized stage that was able to
travel horizontally towards or away from a sheet of plywood
(500� 1300 mm) acting as a vertical surface. The motor was
powered by an ESC (Hakrc 40A 4-in-1) with the constant
supplied voltage of 8.4 V.

In the experiments, a computer running Simulink Real-Time
(MathWorks) with the data acquisition unit (NI PCI-6229)
was employed for synchronization of the driving commands
and measurements. The current consumed by the ESC was
recorded through a Hall effect current sensor (LEM, GHS 10-
SME). The motorized stage was controlled by a stepper motor
(resolution:25 � m) for varying the distanced from 1 to 400
mm at the increment of 1, 2, or 5 mm depending ond. At
each distance, force and current measurements were taken at
2 kHz when the motor throttle was increased from 40% to
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Fig. 4: Force and power measurement results. (A) Thrust and electrical power
of the unducted propeller when it was subject to different commands by
the ESC. (B) Thrust and electrical power of the ducted propeller when
it was subject to different commands by the ESC. (C) Measurements and
numerical model of the proposed coef�cient for the horizontal component
of the proximity effects,�
 h . (D) Measurements and numerical model of the
proposed coef�cient for the vertical component of the proximity effects,�
 v .

70%, at the increment of 10%. Each data point represents the
average from the 10-s duration after allowing the system to
reach a steady state for 20 s.

In addition to the tests outlined, the experiments were
repeated with the same condition but without the duct. In this
case, the results of the tilted propeller operating next to a
vertical surface serve as benchmark measurements.

B. Thrust and Power Measurement Results

The measurements of thrust and electrical power are plotted
against the normalized distance�d in Fig. 4. First, it can be
seen that for both cases (with and without the duct), the
electrical powers remain constant for each thrust command.

This suggests that we can assume a constant command to
the ESC leads to a constant electrical power, independent
of �d. Next, focusing on the unducted propeller (Fig. 4A),
the outcomes show no visible in�uence of the wall on the
propelling thrust, even whend decreases to 1 mm. One
possible interpretation of the observation is that, without the
duct, the actuator disk stays normal to the propeller axis, and
the thrust direction� t remains identical to� p regardless of�d.

On the other hand, the measurements from the ducted
propeller reveal a signi�cant variation with the wall distance.
The duct dramatically ampli�es the proximity effects. Overall,
the magnitudes of the propelling thrusts do not change sub-
stantially compared to the unducted propeller when�d > 4.
However, the thrust direction is markedly affected. As�d is
below four, there exists a drop in the vertical thrust and a rise
in the horizontal force, corresponding to the increase in the
angle � t . The change is more pronounced as�d falls below
one. The trend is consistent across four throttle commands.

C. Analysis and Empirical Models

To verify the MT-based model described by Eq. (8), the raw
measurements of thrust elements from Fig. 4 are normalized
by their respective values (T0 sin � 0 and T0 cos� 0) based on
the fact that the electrical (and aerodynamic) power stays
constant regardless of�d for each motor command. To do
so, T0 sin � 0 and T0 cos� 0 are calculated by averaging the
force measurements taken when�d is deemed suf�ciently large
(6:0 � �d � 8:0). The outcomes, equivalent to�
 h and �
 v from
Eq. (8), show that the measurements from all four commands
(and electrical powers) collapse together as evidenced in
Fig. 4C and D. This validates the prediction from MT on the
existence of�
 i 's. Furthermore, since MT only describes�
 i 's
in terms of � t and � 1 , which cannot be readily determined
from MT alone (especially with the in�uence of the duct on
the wake), we proposed empirical models for�
 i 's based on
the measurement data and the model derived to capture the
ceiling effects in [18] as

�
 h
� �d

�
=

1 + a1
�d� 1 + a2

�d� 2
p

1 + b1
�d� 1 + b2

�d� 2
; �
 v

� �d
�

=
1 + c1

�d� 2
p

1 + d1
�d� 2

;

(10)

whereai 's, bi 's, c1 andd1 are to be numerically determined.
Their values are likely dependent on the blade geometry and
the pro�le of the duct. In this form, both�
 i 's approach unity as
�d ! 1 as anticipated. The method of least squares produce
a1 = 2 :80; a2 = 0 :20; b1 = 5 :20; b2 = 10:96; c1 = 0 :84 �
10� 2; and d1 = 6 :49 � 10� 2 for the best �tted �
 h and �
 v

with the R squared values of 0.91 and 0.90 respectively. The
�tted results shown in Fig. 4C and D can be used to model
the dynamics of the robot constructed from tilted and ducted
propellers when it operates in near a vertical surface.

IV. ROTORCRAFT WITHTILTED AND DUCTED

PROPELLERS

To leverage the �ndings on the proximity effects in the
preceding section, a quadrotor with ducted and tilted propellers
with a 2-fold rotational symmetry as presented in Fig. 1 and 5
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Fig. 5: Coordinate frames and robot con�guration. The origin of the inertia
frameW is located on the wall.

is proposed. In this section, we examine the hovering dynamics
of the robot when the robot is in the vicinity of a vertical
surface. Without direct sensing, we assume the �ight controller
does not compensate for the change in the propelling thrust
induced by the wall. For simplicity, the surface is assumed
approximately normal to the pitch axis of the robot.

A. Robot's Con�guration and Coordinate Frames

As illustrated in Fig. 5, the proposed quadrotor with the
body frame B = f x B ; yB ; zB g and massm consists of
ducted propellers that are tilted inwards about the roll axis
x B . The robot is symmetrical about thex B -zB plane except
for the propeller directions. The tilted angle and the duct
con�gurations are identical to the propeller tested earlier
(� p = 45 � and � d = 30 � ). The inertial frame is de�ned as
W = f x W ; yW ; zW g, located on the wall withyW being the
surface normal. The position of the robot with respect to frame
W is given byp = [ x; y; z]T . The rotation matrixR relates
the attitude of the body frame to the inertia frame.

B. Force and Torque Mapping

Prior to deriving the �ight dynamics of the robot in the
vicinity of a surface, we examine the force and torque pro-
duced by the robot. This deviates slightly from conventional
vehicles due to the unique design and the proximity effects.

With four rotors, we let an the subscripti denote thei th

propeller labeled in Fig. 5. The total thrust produced by the
robot in its body frame is computed from Eq. (8) as

T =
X 4

i =1
Ti =

X 4

i =1
(� i �
 h;i sin � 0e2 + �
 v;i cos� 0e3) T0;i

(11)
whereej 's are basis vectors and� i = 1 for i = 1 ; 2 or = -1
for i = 3 ; 4. Meanwhile, the sum of torque in the body frame
can be found from rotors' locations and spinning directions as

� =
X 4

i =1
r i � Ti + ( � 1)i +1 c� Ti (12)

wherer i is a vector from the center of mass to thei th propeller
and c� is the thrust-to-torque coef�cient accounting for the
propeller's drag. Remark that both Eqs. (11) and (12) assume
the robot is approximately upright. This is essential in the
current work as the �tted model of the proximity effects in
the preceding section is only valid when� p is 45� .

C. Flight Dynamics

To emphasize the impact of the wall, in this work, we limit
the study to the cases whereyB lies approximately entirely

in the yW -zW plane (orthogonal to the wall) and the vehicle
operates near its hovering condition. This presumes the yaw
angle of the robot is known and controlled. In this setting,
the proximity effects are not only most pronounced but better
understood as elucidated by the study in the preceding section.

Employing the roll-pitch-yaw (� -� - ) convention, the ro-
tation matrix isR (�) for � = [ �; �;  ]T . For small angles
(the robot is close to upright) and angular rates, the linearized
attitude dynamics of the robot is

J •� = � ; (13)

whereJ is the moment of inertia. Letg be the standard gravity,
the translational dynamics of the robot follows

m •p = RT � mge3: (14)

Notice that this differs from a conventional quadrotor as the
thrust does not necessarily align with the body axiszB .

V. PASSIVE WALL TRACKING STRATEGY

Herein, we demonstrate that, without a position controller,
a simple method to regulate the roll angle would result in a
wall tracking behavior of the robot. This is the consequence
of the proximity effects on the horizontal and vertical thrust
components produced by the propellers near the wall.

A. Attitude and Altitude Control

Focusing on the attitude (� ) and altitude (z = eT
3 p)

dynamics, Eqs. (13) and (14) are consolidated to
�

J •�
m•z + mg

�
=

�
�

eT
3 RT

�
; (15)

in which the input or the right hand side of Eq. (15) can be
obtained fromT0;i 's via Eqs. (11) and (12):

�
�

eT
3 RT

�
=

4X

i =1

� �
[r i ]� + ( � 1)i +1 c� I 3� 3

�
t i

eT
3 Rt i

�
T0;i ;

(16)
where t i ( �d) = � i �
 h;i ( �d) sin � 0e2 + �
 v;i ( �d) cos� 0e3 repre-
sents a vector thrust modi�er,[r i ]� is the skew-symmetric
matrix associated withr i , and I 3� 3 stands for an iden-
tity matrix. De�ning a command input vectorT0 =
[T0;1; T0;2; T0;3; T0;4]T , Eq. (16) can be re-written asB ( �d) T0

using a non-singular4 � 4 matrix B . As a consequence, we
yield the combined dynamics equation for control:

�
J •�

m•z + mg

�
= B ( �d) T0: (17)

Without the knowledge (or an estimate) of�d, we propose a
PD control law that attempts to stabilize the robot to constant
setpoints� d (with  d = 0 to maintain the presumed yaw
angle) andzd by assuming�d ! 1 in the following form

T0 = B � 1
( �d!1 )

�
� K d _� � K p(� � � d)
mg � kd _z � kp(z � zd)

�
: (18)

where K d, K p, kd, and kp are (diagonal) positive gains. It
can be seen that in the absence of the wall (�d ! 1 ), the
closed-loop dynamics constructed from combining Eqs. (17)
and (18) are asymptotically stable. With a nearby surface, the
results are discussed below.
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TABLE I: Robot physical and control parameters

Var Value Unit Var Value Unit

m 180 g c� 3.3 cm
� 0 53 deg R 32 mm
r 1 ,r 3 [� 5,� 7,5]T cm r 2 ,r 4 [� 5,� 7,5]T cm
kp 13.5 Nm� 1 kd 7.2 Nsm� 1

diag(K p ) [16,18,4] Ncmdeg� 1 diag(K d ) [2,2,1] Ncmsdeg� 1

B. Near-wall Response

To understand and leverage the closed-loop response of the
robot, we begin by assuming that the direction of the wall is
known and the yaw angle is well controlled ( ;  d = 0 ). In
this setting (see Fig. 5), the wall only affects propellers 1 and
2. The pitch angle is irrelevant and can be separately stabilized
to � = 0 . Then, we presume that the combined attitude-altitude
dynamics is substantially faster than the lateral dynamics as
often assumed in the literature [14], [23].

1) Attitude-Altitude Response:With constant setpoints� d

andzd, in this timescale,�d (and, therefore,B ( �d) ) is assumed
approximately constant. After some algebraic manipulation, it
can be shown that the PD controller prescribed by Eq. (18)
shapes the attitude-altitude dynamics (Eq. (17)) into
�

J •�
m•z

�
= B ( �d) B

� 1
( �d!1 )

�
� � d

�
_�
_z

�
� � p

��
�
z

�
�

�
� �

z�

���
;

(19)

where� d = diag(K d; kd), � p = diag(K p; kp), and
�

� �

z�

�
=

�
� d

zd

�
+ � � 1

p

�
I 4� 4 � B ( �d!1 ) B

� 1
( �d)

� �
03� 1

mg

�
;

(20)
with I 4� 4 being an identity matrix. Under the condition that
B ( �d) B

� 1
( �d!1 ) remains positive de�nite, it can be concluded

that the PD control law asymptotically stabilizes the dynamics
to the equilibrium state(� � ; z� ) that is shifted from the
setpoints(� d; zd). The positive de�nite condition, which can
be veri�ed of�ine, is likely satis�ed as long asB ( �d) is
suf�ciently similar to B ( �d!1 ) .

Since the exact equilibrium state described by Eq. (20)
depends on�d, the robot's con�gurationB , and the controller
gains, we numerically evaluate� � andz� as a function of�d
(using parameters in Table. I). The outcomes are displayed in
Fig. 6A and B. While the pitch angle� � remains unchanged
from � d, the equilibrium roll angle� � is slightly larger than
the setpoint� d when �d is small. This corresponds to the robot
tilting towards the wall due to the reduced vertical thrust
component and increased horizontal force for the near-wall
propellers as evidenced in the force measurements in Fig. 4.
Similarly, the robot is expected to be in equilibrium at an
altitude lower than the setpoint owing to the decreased vertical
thrust as found in Fig. 4.

2) Lateral Position Response:Without position feedback,
the lateral dynamics of the vehicle alongyW (dictating the
wall distance�d) is not actively controlled. To inspect the lateral
response with the timescale separation assumption, we apply
the fact thateT

2 •p = •y to the translational dynamics captured
by Eq. (14) and computeRT from Eqs. (11) and (18) when

Fig. 6: Numerical predictions of the near-wall dynamics. (A) The expected
stable roll angle when�d is varied. (B) The expected stable altitude when�d is
varied. In (A) and (B), the lateral dynamics is not considered. (C) The lateral
force f y of the robot assuming the robot is in attitude equilibrium plotted as
a function of �d. The plots show up to two equilibrium points for each� d .
(D) The potentially stable equilibrium distance whenf y = 0 plotted as a
function of the roll setpoint.

� = � � (� d; �d), �;  = 0 , andz = z� (zd; �d). DenotingeT
2 RT

as f y (� d; �d), the lateral dynamics becomes

m•y = f y (� d; �d): (21)

The plot of f y (� d; �d) for the parameters listed in Table. I are
shown in Fig. 6C. It can be seen thatf y effectively repels the
vehicle from the surface (f y > 0) at small distances. This is
essentially explained by the growth in the horizontal thrust
�
 h for the near-wall propellers (Fig. 6C). As�d increases,
there exist two equilibrium distances (f y = 0 ), which can
be manipulated through the roll setpoint� d as long as� d is
suf�ciently large. Based on the direction off y , the equilibrium
point nearer to the wall (de�ned as�d� ) is potentially stable, in
contrast to the second position. The pro�le off y around �d� is
akin to a restoring force from a nonlinear spring. Through
a suitable Lyapunov analysis around the equilibrium point
y = �d� R, it can be shown that the robot is locally stable at
�d� as long as it is subject to suf�cient_y-dependent damping
(from air drag, for instance). Fig. 6D plots�d� against � d.
This veri�es that the equilibrium distance can be manipulated
through the roll setpoint� d. Overall, the results in Fig. 6 are
in�uenced by the physical and control parameters of the robot,
but the trend is anticipated to carry over to other vehicles of
similar sizes and con�gurations.

C. Wall Tracking Maneuver

Under the small-angle assumptions and the yaw angle
control ( �  d = 0 ), the translation of the robot in
two horizontal directions is approximately decoupled. In the
vicinity of a surface, the orthogonal distance is indirectly
regulated through the roll setpoint. The robot remains free
to traverse along the wall by altering the pitch setpoint. This
forms the strategy for the passive wall tracking maneuver.

VI. FLIGHT EXPERIMENTS

In this section, we verify the near-wall behavior and wall-
tracking strategy using the robot shown in Fig. 1. Several �ight
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Fig. 7: Trajectory of the robot from the �ight experiment with the �nal� d
set to 0� . (A) The distance of robot to the wall. The robot settled to the
equilibrium distance just beforet = 3 s. (B) Altitude of the robot. The robot
dropped to� 4 cm belowzd , consistent with the model's prediction.

experiments were carried out. The �ight data are compared
with the model predictions to validate the proposed methods.

A. Prototype and Experimental Setup

The robot was manufactured using identical components
to the setup for the characterization experiment with the
addition of a Crazy�ie Bolt board, an airframe, and a two-
cell LiPo battery. The robot weighs 180 g with a maximum
vertical thrust of 280 g. A ground station computer running the
Python scripts communicated with the Crazy�ie Bolt through
radio. The �ight experiments were conducted in the motion
capture (MOCAP) environment (OptiTrack) for the ground
truth position and attitude measurements.

B. Near-wall Flights

1) Dependence on the roll setpoint:First, several �ights
were performed to demonstrate that, in proximity to a wall,
the robot would stabilize to a nearby position with the varying
gap size as the roll setpoint angle is altered.

To achieve this, a 50� 50-cm sheet of plywood was adopted
as a wall. The robot �rst was commanded, using the position
feedback from the MOCAP to hover with the altitude of 1.0 m
relatively far away from the wall (�d � 12:5 or y � 0.4 m). At
time t = 0 s, the position controller alongyW (perpendicular
to the wall) was disabled. The position control in the direction
parallel to the wall, as well as the altitude, was retained to
ensure the robot stays in the test volume. Simultaneously,� d

was set to2:0� . This gently tilted and moved the robot towards
the wall. After3 s, � d was reset to0� and the robot settled to
the position �d� � 0:34 (averaged over 10 s) from the wall as
presented in the trajectory plots in Fig. 7. The �ight record,
of which a snapshot is shown in Fig. 8A, is available as the
supplemental video. To validate the model of the closed-loop
dynamics that describes the relationship between� d and �d� ,
we repeated the �ight experiments, but with the roll terminal
setpoint� d set to different values after the robot hovered near
the wall. Fig. 8A, 9A and B verify that the stable equilibrium
positions shifts as a function of� d with the trend consistent
with the model predictions. There exists minor differences
in the values between the recorded distance and the model
predictions, likely due to the linearization, inaccurate model
parameters, and the validity of the proximity effect model
when the vehicle is not perfectly upright. As seen in Fig. 8A,
the robot stayed close to the wall even when� d was negative
as predicted by Fig. 6C. This is because the actual roll angle
� ! � � remained non-negative as shown in Fig. 8A.

Fig. 8: Picture shows the �ight experiment result. Green arrows indicated� � ,
red arrows indicated� d , and blue arrows highlight the gaps to the wall. (A)
The equilibrium distance when� d is set from 2� to -3 � . (B) The attitude
response when� is set from 0.8 to 2.0. The red arrow stands for� d and the
green arrow stands for actual response� .

Fig. 9: Different equilibrium states according to various setpoints and con-
troller gains. (A) Measured and predicted stable distances of the robot plotted
against the roll setpoint. (B) Measured and predicted stable distances of the
robot plotted against the gain factor� when � d = 0 � .

2) In�uence of the control gain:Eq. (20) suggests that,
in addition to � d, the �rst element of the gainK p, K p;� ,
also in�uences the equilibrium state. Increasing the gain forces
the actual roll angle to be closer to the setpoint, rendering
the stable position to be further away from the wall. Hence,
we introduce the dimensionless scaling parameter� such that
K p;� ! �K p;� . An experiment similar to the previous set was
carried out. In this test, when the robot was in the vicinity of
the wall, the roll setpoint was reset to0� . Then, the tuning
parameter� was varied from 0.8 to 2.0. The wall distance at
each� value (averaged over 10 s) was recorded.

Example photos of the robot stabilized to different states
corresponding to various values of� are shown in Fig. 8B.
More quantitatively, Fig. 9C and Fig. 9D plot the stable
equilibrium points (�d� ; z� � zd) of the robot against� as found
from the experiments. The outcomes match the trend predicted
by the proposed model, con�rming the effect ofK p;� on the
�ight behavior in the near-wall setting.

C. Wall Tracking Flight

In this experiment, we staged a wall tracking demonstration
to leverage the proximity effects in the application of the
robot's navigation. This allows the robot to travel safely along
a corridor in a visionless fashion.

The wall tracking �ight was carried out in a corridor in
the absence of the MOCAP. To regulate the altitude, feedback


